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GLOBAL LIPSCHITZ CONTINUITY 
FOR MINIMA OF DEGENERATE PROBLEMS 

PIERRE BOUSQUET AND LORENZO BRASCO 


Abstract. We consider the problem of minimizing the Lagrangian J[E’(Vu)+/ u] among functions 
on C with given boundary datum ip. We prove Lipschitz regularity up to the boundary for 
solutions of this problem, provided Q is convex and ip satisfies the bounded slope condition. The 
convex function F is required to satisfy a qualified form of uniform convexity only outside a ball 
and no growth assumptions are made. 
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1. Introduction 


1.1. Aim of the paper. Consider the following variational problem arising in the study of optimal 
thin torsion rods (see [1]) 


mm / F(Vn) —Art dx. 

Here is a bounded open set of , A G and the function F is given by 


( 1 . 1 ) 


F{z) = 


if \z\ < 1, 


-|zp + i, if|z|>l. 
2 2 


By the direct methods in the Calculus of Variations, this problem admits at least a solution u. 
The regularity of u is obviously limited by the singularities and degeneracy of F. In this respect, 
observe that F is non differentiable at 0 and the Hessian of F degenerates at any point of the unit 
ball. 

When n is a disc centered at the origin, one can prove that this solution is unique, radial and 
Lipschitz continuous, but not C^. The main purpose of this paper is to establish that such a 
regularity property remains true in a more general framework. Notably, we merely assume that 
the domain 12 C is convex (here N > 2) and we replace the parameter A by a generic function 
/ G L“(n). We also allow for more general boundary conditions. Most importantly, we consider 
singular and degenerate Lagrangians, which may have a wild growth at infinity. Given such a 
convex function F which may be singular and/or degenerate inside a ball, we thus consider more 
generally the following problem: 


(^o) 


mm 


F{u) := / F{Vu) + fu 


dx 


u — (f € 






1.2. A glimpse of BSC condition. In order to neatly motivate the study of this paper and 
explain some of the difficulties we have to face, let us start by recalling some known facts about 
Lipschitz regularity. One of the simplest instances of problem (Pq) is when / = 0 and F is strictly 
convex. This substantially simplifies the situation since then: 

(1) a comparison principle holds true, i.e. if u and v are two solutions of (Pq) va (p + 

and "0 + ITg^’^(H) respectively and (/? < on 912, then tt < u on 0 as well. This statement 
can be generalized to the case when P is merely convex but superlinear, see [9, 32]. 

(2) an affine map u : x i—)> ((/, x) + a is a minimum. 


The strict convexity of F also implies the uniqueness of the minimum. From the second observation 
above, it thus follows that when the boundary datum (p is affine, p is the unique minimum. In 
particular, it is Lipschitz continuous. In contrast, when p is assumed to be merely Lipschitz 
continuous, such a regularity property can not be deduced for a minimizer: even if P(Vu) = jVttp 
and 12 is a ball, the harmonic extension of a Lipschitz function p : dVL —)• M is not Lipschitz in 
general (see [8] for a counterexample), but only Holder continuous (see e.g. [2, 5]). 

These observations led to consider boundary data satisfying the so-called hounded slope condition. 
We say that p : M satisfies the bounded slope condition (see also Section 2) if (/jjao coincides 

with the restriction to 912 of a convex function p~ and a concave function p'^. Equivalently, p\dQ. 
can be written as the supremum of a family of affine maps and also as the infimum of another family 
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of affine maps. When F is convex and / = 0, the bounded slope condition implies the existence 
of a Lipschitz solution to (Pq), see [29, Teorema 1.2] or [22, Theorem 1.2]. The proof relies in an 
essential way on the two properties (1) and (2). 

When / ^ 0, these two properties are false in general and the above approach must be supple¬ 
mented with new ideas. Stampacchia [34] considered Lagrangians of the form F(Vu) + G{x,u) for 
some function G ; 12 x M —)> M satisfying suitable growth conditions (see also [25]). For bounded 
minima, there is no loss of generality in assuming that G{x,u) has the form f(x)u, see Section 5. 
In the following, we shall thus make this restriction. 

In this case the bounded slope condition can still be exploited to obtain a Lipschitz regularity 
result when F is uniformly convex, in the following sense: F is and there exists /r > 0, r > —1/2 
such that for every z, ^ G 

( 1 . 2 ) {D‘^F{z)i,f,)>y^{l + \z\y\i\\ 

In this framework, if 12 is uniformly convex and / G G^(12), then in [34] it is proven that every 
solution of (Pq) is Lipschitz continuous. In Stampacchia’s proof, the uniform convexity of F is used 
in a crucial way to compensate the pertubation caused by the lower order term f{x)u. In this 
respect, we point out that when / is a constant map and F is isotropic^, it is possible to consider 
a more general class of functions F, see [18]. 

1.3. Main results. We now describe our contribution to the regularity theory for degenerate and 
singular Lagrangians which are uniformly convex at infinity. We first detail the uniform convexity 
property that will be considered in this paper. In what follows, we note by Bji the A^—dimensional 
open ball of radius i? > 0 centered at the origin. 

Definition 1.1. Let : (0, -|-oo) —>■ (0, -|-oo) be a continuous function such that 

(1.3) lim t^{t) = +oo. 

t —^~|“CXD 

We say that a map F : —)• M is ^—uniformly convex outside the hall Br C if for every 

z, z' G such that the segment \z, z'\ does not intersect Pij and for every Q G [0,1] 

(1.4) F{e z F (\ - B) z') < dF{z) + (1 -0)P(z') - ^0(1 -0)4>(|z| + \z'\) \z-z'\^. 

If the previous property holds with 4* = /i > 0, we simply say that F is p.—uniformly convex outside 
the ball Br C M'^. 


The following is the main result of the paper: 

Main Theorem. Let 12 C be a bounded convex open set, if : —)■ M a Lipschitz continuous 

function, F : —?• M a convex function and f G L°°(f2). We consider the following problem 


iP^) 


inf <{ F{u) := / F{Vu) + f u dx : u - ip £ ITo’^(I2) 


Assume that f\dn satisfies the hounded slope condition of rank K > 0 and that F is ^—uniformly 
convex outside the ball Br, for some R > 0. Then problem (Pj>) admits at least a solution and 
every such a solution is Lipschitz continuous. More precisely, we have 

ll^^llL°°(n) + l|Vtt||Lcx>(s^) < £ = C{N, 4>, K, R, ||/||x,oo(q), diam(f2)) > 0, 
for every solution u. 


^By this, we mean that F{z) = h(L|) for some convex function h. 
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Some comments on the assumptions of the previous result are in order. 

Remark 1.2. Observe in particular that we allow for Lagrangians which are not necessarily C^. 
Moreover, we do not assume any growth condition from above on F at infinity. For example, the 
previous result covers the case of 

N N 

(1.5) F{z) = ^ {\z\P - + oi" F'iz) = {\z\ - 5f^ + ^\zi\P\ 

i=l i=l 

where /i>0, (5>0, p>l and 1 < pi < • • • < pn without any further restriction. On the contrary, 
the case p = 0 is not covered by our result, not even when pi = P 2 = • • • = Pn (see the recent paper 
[3] for some results in this case). Of course, many more general functions F can be considered, not 
necessarily of power-type: for example 

F{z) = {\z\ - 5)+ [log(l -h | 2 ;|)]^, 

with (5 > 0 and p > 1 fulfills our hypothesis. The case p = 1 is ruled out by condition (1.3). 

Finally, the domain is convex (this is implicitly implied by the bounded slope condition), but 
not necessarily uniformly convex nor smooth. 

1.4. Steps of the proof. The first step of the proof is an approximation lemma which is new in 
several respects. Given a bounded open convex set and a function (p : —)• M which satisfies 

the bounded slope condition of rank K for some K > 0, we construct 

• a sequence of smooth bounded open convex sets 11^3 11 converging to Q (for the Hausdorff 
metric); 

• a sequence of smooth functions ipk which satisfy the bounded slope condition of rank K + 1 
on llfc, such that = p on dQ. 

This construction relies on some properties of the bounded slope condition that were initially dis¬ 
covered by Hartman [23, 24]. In addition, we approximate the function F satisfying the <I>—uniform 
convexity assumption (3.1) by a sequence of smooth functions which are uniformly convex on the 
whole M^. We are thus reduced to consider a variational problem (P^) for which the existence of 
a smooth solution is well-known. The goal is to establish regularity estimates on u^, which are 
independent of k. 

The second step is the construction of suitable barriers for the regularized problem (Pfc). Here 
the bounded slope condition plays a key role. This approach is quite standard but we have to 
overcome a new difficulty with respect to [34] : the stronger degeneracy of the Lagrangian. This is 
handled by introducing new explicit barriers adapted to this setting. From this construction, we 
deduce a uniform bound on 

In the third step of the proof, we obtain an estimate on the Lipschitz constant of Uk- The method 
that we follow is classical in the setting of nonsmooth Lagrangians, which do not admit an Euler- 
Lagrange equation. We compare a minimum u with its translations, namely functions of the form 
u{- -|- r), T G . Once again, we have to cope with the degeneracy of the higher order part F of 
the Lagrangian, in presence of a term depending on x and u. The main idea in [34] was that the 
uniform convexity of F could be used to neutralize the lower order term f{x) u. In our situation, 
this is only possible when jVuj > R. On the set where jVuj < R instead, the gradient is obviously 
bounded almost everywhere, but this does not imply that the function u is Lipschitz continuous 
there, since we have no information on the regularity of this set. 
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Once a Lipschitz estimate independent of k is established, it remains to pass to the limit when 
k goes to oo in order to establish the existence of a Lipschitz solution to the original problem 
(P^). Since T is not strictly convex in general, this is not sufficient to infer that every minimizer 
is a Lipschitz function. In order to conclude the proof, we use that the lack of strict convexity is 
“conhned” in the ball Br, thus the Lipschitz regularity of a minimizer can be “propagated” to all 
the others (see Lemma 2.9). 

1.5. Comparison with previous results. In order to handle the Lagrangian F given by (1.1), an 
entirely different approach could have been followed. Indeed, such an F has a Laplacian structure 
at infinity, i.e. for every ^ G 

{D^Fiz)^,0-\C\\ for|z|»l. 

Instead of exploiting the properties of the boundary condition ip, one can rely on the specihc 
growth property satished by F and prove a Lipschitz estimate by using test functions arguments 
and Caccioppoli-type inequalities. 

It is impossible to give a detailed account of all the contributions to the regularity theory of 
(local) minimizers of Lagrangians having more generally a p—Laplacian structure at inhnity, i.e. 
such that for every ^ G 

{D‘^F{z)i,i) ~ |.^|^, for l^l > 1. 

We cite the pioneering papers [10, 20, 31]. More recently, many studies have been devoted to this 
subject, see for example [6, 12, 7, 14, 15, 17, 27] and [33]. Among the many contributions on the 
topic, we wish to mention the paper [19, Theorem 2.7] by Fonseca, Fusco and Marcellini. Here 
the Lagrangian has the form F{x,Vu) and is assumed to be p—uniformly convex at inhnity in the 
following sense: there exist p > 1, p > 0 and R > 0 such that for every G \ Bji and for 
every 9 G [0,1], 

(1.6) Fix, ez + il-e)z')<e Fix, z) + il- 9) Fix, z') - ^9 {i - 9) i\z\ + \z'\)P-^\^ - . 

Observe that when F is C^(M^), condition (1.6) coincides with (1.2) for every z G \ H/j. In 
addition, F is assumed to have p—growth, i.e. 

(1.7) 0<F(x,e)<L(l + |e|)^ 

Then [19, Theorem 2.7] shows that every local minimizer is locally Lipschitz continuous. Observe 
that this holds for local minimizers, thus no regular boundary conditions ip are needed. In particular, 
this kind of result can not be deduced from our Main Theorem. 

On the other hand, such a result is less general for two reasons: hrst of ah, condition (1.6) is 
more restrictive than our (1.4), since it corresponds to the particular case <h(t) = more 

importantly, we do not assume any growth condition of the type (1.7) on F. 

It should be pointed out that the technique of [19] can be pushed further, by weakening (1.7) 
and replacing it by a g—growth assumption, i.e. 

Q<Fix,0<Lil + \i\r, 

with q > p, see for example [13, Theorem 1.1]. But still in this case, some restrictions are necessary: 
namely a condition like O' < (1 + Cn)p is required. Indeed, for q and p too far away, well-known 
examples show that local minimizers could be even unbounded (see [26] for a counterexample and 
[11, 17, 28] for some regularity results on so-called (p,(?) growth problems). In particular, with 
these methods it is not possible to consider Lagrangians like (1.5). As for global regularity, though 


6 


BOUSQUET AND BRASCO 


not explicitely stated in [19] or [13], we point out that the results of [13, 19] can be extended (as 
done in [6] for the Neumann case) to Lagrangians of the form F(Vu) + f{x) u, provided and the 
boundary datum are smooth enough. 

1.6. Plan of the paper. In Section 2 we introduce the required notation and definitions. We recall 
some basic regularity results that will be needed throughout the whole paper. We also establish 
a new approximation lemma for a function cp which satisfies the bounded slope condition (this is 
Lemma 2.6). Then in Section 3 for the sake of completeness we show that problem (P^) admits 
solutions. The proof of the Main Theorem is then contained in Sections 4 &: 5 : at first we show the 
result under the stronger assumption that F is /r—uniformly convex everywhere; then we deduce 
the general result by an approximation argument. Finally, Section 6 considers the case of more 
general functionals, where the lower order term f{x) u is replaced by terms of the form G{x, u). A 
(long) Appendix containing some results on uniformly convex functions complements the paper. 

Acknowledgements. We warmly thank Guido De Philippis for pointing out a flaw in a preliminary 
version of this paper. Part of this work has been written during a visit of the first author to Marseille 
and of the second author to Toulouse. The IMT and I2M institutions and their facilities are kindly 
acknowledged. 


2. Preliminaries 

2.1. The bounded slope condition and approximation of convex sets. 

Definition 2.1. Let 11 be a bounded open set in and K > 0. We say that a map (p : dQ —)• M 
satisfies the bounded slope condition of rank K if for every y G 511, there exist Cy,Cy ^ such 
that |C“|, |C;j"| < K and 

(2.1) ip{y) + {C~, x - y) < ip{x) < ip{y) + {Cy , X - y), for every x G 511. 

Remark 2.2. We recall that whenever there exists a non affine function ip : 5H —)• M satisfying 
the bounded slope condition, the set 11 is necessarily convex (see [22, Chapter 1, Section 1.2]). 

As observed by Miranda [29] and Hartman [23] , there is a close relationship between this condition 
and the regularity of p. For example, we recall the following result contained in [23, Corollaries 
4.2 & 4.3]. 

Proposition 2.3 ([23]). //He is a open bounded convex set and p satisfies the bounded 
slope condition, then p is If in addition Q is assumed to be uniformly convex, then the 

converse is true as well, i.e. if p is C^’^, then it satisfies the bounded slope condition. 

In this section, we indicate how one can approximate a convex set H by a sequence of smooth 
convex sets while preserving the bounded slope condition of a boundary map p : 511 —>■ M. We first 
introduce some notation: given an open and bounded convex set H C we introduce the normal 
cone at a point x G 5H by 

A/o(x) = i ^ G : sup (^, y - x) < 0) 

I 



We also set 


Sq{x) = {C G A/'o(x) : ICI = 1} . 
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Finally, given xq G we introduce the gauge function of O centered at xq by 

jxo,ni^) = inf{A >0 : x-xqG xq)}. 

This is a convex positively 1— homogeneous function such that jxo,nixo) = 0 and jxo,n = 1 on dQ. 
Moreover, this is a globally Lipschitz function, with Lipschitz constant given by 

1 

dist(xo, dQ) 

We present a characterization of functions satisfying the bounded slope condition. 

Lemma 2.4. Let O C be an open bounded convex set. If ip : dVl —)> M satisfies the bounded 
slope condition of rank K, then there exist two maps p~ : —>■ M , (/?"*" : —>■ M such that: 

(1) p~ and are {K + 1)—Lipschitz continuous, p~ is convex, is concave and 

(2) n = {x G : p'^{x) > p~{x)} , dLl = {x G : p^{x) = p~{x)} and there exists /3q > 0 
depending on n only (see Remark 2.5 below) such that for every s > 0, 

(2.2) {x G : p~{x) < p'^ix) + s} C {x G : dist (x, Ll) < /3n s}. 

Conversely, if a convex map p~ : —)• M agrees with a concave map —>• M on the 

boundary ofQ, then p := p~\qq = P'^\dn satisfies the bounded slope condition of rank K, where K 
is a common Lipschitz rank for p~ and p'^ on Q. 

Proof. Assume first that p : dH —)• M satisfies the bounded slope condition of rank K. For every 
y G dLl, there exist Cff iCy G as in Definition 2.1. We then define 

Pq (x) = sup [p{y) + {Cy,x- y)] , and p^ (x) = inf [p{y) + (C+, x - y)] . 
yean y&dn 

Then p^ and p^ are iF—Lipschitz continuous, the former is convex, the latter is concave and they 
agree with p on dH. This implies that 

Po P Po on D, and p)) < pff on \ D. 

If we now dehne 

p~{x) = Pq{x) + dist(xo,9D) {jxo,Q{x) - 1^, 

and 

p'^{x) = Pq{x) + dist(xo,5D) (^1 - jxoMx)^, 

these two functions have the required properties, thanks to the properties of the gauge function 
(see Figure 1 below). 

We proceed to prove^ (2-2). Let x G \ D be such that 

p~{x) < p~^{x) + s, 

that is 

Pq (x) + dist(xo, on) (^jxo,nix) - < (/Jq (^) + dist(xo, dLl) (^1 - jxo,nix)^ + s. 

^We point out that the gauge functions are used to guarantee property (2.2). 
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Figure 1. The construction of the functions and (p : we simply add the two 
cones to the functions and , respectively. 


Since on \ we have then from the previous inequality we get 

dist(xo,5n) {Jxo,q{x) - l) < dist(xo,<90) (^1 - jxoM^)) + 


that is 

Then we observe 

dist(x,9r2) < 


jxo,ni^) < 1 + 


2 dist(xo, dfl) 


X — Xq 


jxo,n{x) 


- (x - Xo) 


\x — Xo\ 
jxo,n{x) 


|1 -ixo,u(a^)l 


< ( max |xo - y\ I 
\y£dn ) 


2 dist(xo, dQ) 


=■ Pn s, 


which gives (2.2). 

We now prove the converse. Assume that there exist a convex function p~ : —)• M and a 

concave function p'^ : —)■ M agreeing on 512 and Xei p ■.= p~\qq, = P'^\dn- For every y G dQ., let 

Qy G dp~{y) and Cy £ ~9i—p~^)iy)- Then for every x G 512, 

Hy) + {Cy,x- y) < p{x) < p{y) + {C,y,x- y). 

Moreover, if p~ and p'^ are A'—Lipschitz on 12, then |(^“| < K and |Cj)"| < A'. □ 

Remark 2.5. In view of the above proof, in the previous result, one can take 


_ 1 max^gan \xo - y\ 

2 min^gan \xo - y\ ' 

By suitably choosing the point xq G 12, we can then suppose that /3 q depends on 12 only through 
the ratio between its diameter and inradius (this quantity is sometimes called eccentricity). 


We proceed to describe the approximation of a bounded convex set by a sequence of smooth 
bounded convex sets that we will use in the sequel. Actually, the approximating sets can be chosen 
uniformly convex. 
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Lemma 2.6. Let LI C he a convex bounded open set and let (p : dLl —)• M satisfy the bounded 
slope condition of rank K. 

Then there exists a sequence {OfcjfcgN C of smooth bounded uniformly convex open sets, a 
sequence of {K + 1)—Lipschitz functions ipk ■ such that 

i) Ll LIk for every k £ N and we have the following 

8 


diam Ll^ < diam Ll + 


k 


lim \ 0| = 0, 

fc^ + OO 


and 


(2.3) 


lim 

Al^ + OO 


max mm \v — y 
yGdft y'Gd^k 


= 0 ; 


ii) Tkldfik is smooth and satisfies the bounded slope condition of rank K + 2; 
Hi) ipk coincides with p on dLl. 


Proof Let —>■ M be the two functions given by Lemma 2.4. We consider {pe}e>o C 

a sequence of standard mollifiers. We define 

1 11 

i’k ■= * Pek -and if+■= p+* where £k = 2{K + l)k ' 

Of course, the hrst function is convex, while the second is concave. Since are {K + 

1)—Lipschitz, for every x £ M^, 

(2.4) lAfc (a^) + ^ < V^"( 2 ;) < V’fc (a:) + ^ and i/>^(x) - ^ < (^+(x) < i/>^(x) - 

Let xo G 11. By Sard Lemma, for every k £'H\ {0} there exists ak £ (0, 1/k) such that the set 

1 


Ltk • s X G 


U : (x) + a, > r, (X) + 

is smooth. This set is uniformly convex, since the function 

X«vt (x) - 4-i (-) + 

is uniformly convex. By (2.4) and the fact that > p~ on Ll, we have for every x G H 


ifk (x) + 


1 


2k diam(0)2 
and thus Ll C Llk- Moreover, 


\x - Xol^ < V'^(a::) - 7 + 


k 2A:diam(ll)2 


|a: - xol^ < V'fc (a:), 


(2.5) 


Ofc C <i X G : p (x) < p^{x) + ^ \ ■ 


Hence, by using property (2.2) of Lemma 2.4 with s = 4/A: we have 

8 Pn 


diam Llk P diam 11 + 


k ’ 


where /3o is the same constant as before. We now estimate |llfc \ 11|. By (2.5), 
Hfc \ H C |x G : ^^'''(a;) < P~{x) < p'^{x) + ^ | • 
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It follows that 

limsup Iflfc \ < |{x G = (/9“(x)}| = |5n|, 

fc^ + OO 

and the last quantity is 0, by convexity of O. Hence, hnifc_^_|_oo \ H| = 0 as desired. 

In order to prove (2.3), let us argue by contradiction. Then there exist r > 0, a subsequence 
{/cnjneN diverging to oo and G dQ such that for every n G N 

inin \yn-y'\>r, 
y'edQk^ 

that is, such that for every n G N 

\yn-y'\ >r, for every y' G 

The previous implies that Br{yn) C for every n G N, thus we have^ 

\nn,\n\ > \Briyn)\n\ > 

where in the last estimate we used the convexity of H. The previous estimate clearly contradicts 
the fact that \ H| converges to 0. 


We now dehne ipk by 

ifk = max{(y9+, V’fc }• 

Of course, ifk is {K + 1)—Lipschitz on M^. Since (p~^ = > V’fc" on we have tpk = on 

For X G dQk, we use the fact that 


(x) < V-f (i) - i (x) - a, + 


<'0fc (a;), 


to get ipk = V’fc on dClk- In particular, pkldfit. is smooth and satishes the bounded slope condition 
of rank K + 2 for k sufficiently large. Indeed, we have 

nlm, = *t\m, = (v’J + at - ,, h,.L o) 2 I^' “ Im*. 

thus can we use the second part of Lemma 2.4 with the last two functions. This completes the 
proof. □ 


Remark 2.7. Since D H, it is not difficult to see that (2.3) is equivalent to say that Hfc is 
converging to H with respect to the Hausdorff metric. Indeed, we recall that for every Ei,E 2 C 
the latter is given by 

dniEi, E 2 ) = max < sup dist(x,£' 2 ), sup dist(y,Fii) 

[xeEi yeE2 

If E 2 <Z El, the previous reduces to 

dH{Ei,E 2 )= sup dist (x, £ 12 ) = sup inf |x —x'|, 

xeEi xeEi x'&E2 

Moreover, if both Ei and E 2 are bounded and convex, we can equivalently perform the sup / inf 
on their respective boundaries. 



3 


We denote by cjjv the volume of the W—dimensional ball of radius 1. 
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2.2. Some auxiliary regularity results. The following standard result will be used in the sequel. 

Theorem 2.8. Let O C he a smooth bounded uniformly convex open set, H : —>■ M a 

smooth uniformly convex function and /i : O —>■ M a smooth bounded function. Let V’ : dO —>■ M 6e 
a smooth map. Then there exists a unique minimizer u of 


V I—)■ 


to 


H{Vv) + hv dx, 


on + Wq’'^{ 0). Moreover, u is smooth on O. 


Proof. We first observe that by Proposition 2.3, the function if satisfies the bounded slope condition. 
Then by [34, Theorem 9.2], we have that the problem 

min I y H{Vv)dx + j hv dx ■. v — if ^ {O'^ , 

admits a solution u G which is also unique by strict convexity of the Lagrangian in the 

gradient variable. Then u satisfies the Euler-Lagrange equation 

(2.6) [ {VH{Vu),V(p)dx+ [ h^dx = 0, for every ^ G Wo’~(C)). 

Jo Jo 

Thanks to the hypotheses on H and h and to the fact that Vn G L°°{0), equation (2.6) still holds 
with test functions y? G Wq'^{0). Thus by convexity, u solves the original problem as well. 

By using (2.6), a standard difference quotient argument and the Lipschitz continuity of u, one 
can prove that u G VE^’^(O) and that any partial derivative Ux^ is a solution of a uniformly elliptic 
equation with bounded measurable coefficients, i.e. 

-div {D‘^H{Vu)Vuxi) = hxi- 

By the De Giorgi-Nash-Moser Theorem, it thus follows that Uj,. G By appealing to 

Schauder theory, this implies that u is smooth on O, see [21, Theorem 9.19]. □ 


Finally, in the proof of the Main Theorem we will also need the following simple result. 

Lemma 2.9 (Propagation of regularity). Under the assumptions of the Main Theorem, if ui and 
U 2 are two solutions of (E#), then 

jVui — Vrt 2 l < 2 R, almost everywhere in 11. 

Proof. From the identity T'(ui) = J-'{u 2 ) and the convexity of J- we easily infer that 

u«o = ^(^). 

Hence, for almost every x G H, 

F ( WM±Z!!2M) . 1 f (V„,(.)) + 1 F(V„.(x)). 

Since F is strictly convex outside Br, this implies that either S/ui{x) = Vu 2 (x) or Vmi(x) and 
Vu 2 (x) both belong to Br. In any case, jVni(x) — Vtt 2 (x)j < 2i? for almost every x G H. This 
concludes the proof. □ 
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3. Existence of minimizers 


In this section, we prove that the minimum in (-P#) is attained, under the standing assumptions. 
We begin by remarking a consequence of d>—uniform convexity. 

Remark 3.1. Observe that if F is d>—uniformly convex outside Bji, then for every G such 
that the segment C'] does not intersect Bji and every ( G dF{^), we also have 

(3.1) F{c') > F{o + (c,e' - 0 + ^ ^(lei + le'i) le - 

Indeed, from (1.4) we get for 0 < 0 < 1 

+ 0(e' - 0) - F{0 < 9 (F(e') - F(o) -^eii-e) <k(|ei + IC'D 1C - C'D, 

then if C £ dF(^), by convexity of F we have 

9 (C, C' - C) < 0 {Fie) - Fio) - ^ 0 (1 - 0) $(ICI + IC'D 1C - C'D- 

By dividing by 9 and taking the limit as 9 goes to 0, we get (3.1). 

We can now establish that F is superlinear. 

Lemma 3.2. Let F : —>■ M 6e a continuous function, such that F is ^—uniformly convex 

outside the ball Br. Then F is superlinear. 


Proof. We recall that by hypothesis F satisfies (3.1), i.e. for every C,C' £ such that [C,C'] does 
not intersect Br, we have 

E(C) > F(C') + (C, C - C') + ^ ‘^(ICI + IC'D 1C - C'D, 

where C £ dFi^). Let C £ \ B 2 R and C' = 2i?C/lCl! by using the previous property, Cauchy- 

Schwarz inequality and continuity of F we get 

where the norm of C £ 91^(2RC/|C|) can be bounded by ||VF||£,oo( 52 ^). If we now use the assump¬ 
tion (1.3) on <I>, from the previous estimate we get that 


+ -4>(|C|+2R) 


(ICI-2R)- 

ICI 


lim 

I5I-S. + 00 


FjC) 

ICI 


+C)0, 


which is the desired conclusion. 


□ 


We now prove an existence result for a problem having a slightly more general form than (P^), 
namely we consider functionals of the form 


Fiu) 


F{Vu) + Gix,u) 


dx, 


Jn L 

where GiflxM—?-Misa measurable function which satisfies the following assumption: there exist 
two functions gi G (Ll) and g 2 G L^iLl) such that 


(3.2) Gix,u) > —|m| |fl'i(x)| — 152 ( 3 ^) 1 , for a. e. x gQ and every u G M. 
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We further assume that there exists u* G (/J + such that 


(3.3) 


F{Vu^) + G{x, u*) 


We have the following existence result. 


dx < + 00 . 


Proposition 3.3. Let Ll C be a bounded convex open set and (/? : —>■ M a Lipschitz 

continuous function. Let F : —)• M 6e o convex function, which is ^—uniformly convex outside 

the ball Bji and G : n —)• M a measurable function satisfying (3.2) and (3.3). Then the following 
problem 


inf|j^(tt):= J F(Vu) + G{x,u) dx : u — £ Wq'^{LI), 


. 1 , 1 / 




(3.4) 

admits a solution. 

Proof. By Lemma 3.2 we know that F is superlinear. In particular, we get that for every M > 0, 
there exists r = r{M) > 0 such that for every ^ G \ Br 

(3.5) F(0>M|e|. 

For every u G IF^’^(n) we thus get 

F{Vu) > min |Vrt|, minF^. 

From (3.2), it also follows that 

G{x,u) > -|u| \gi{x)\ - \g 2 {x)\. 

Hence, we get that F{Vu) + G{x,u) is greater than or equal to an L^{Ll) function. This proves 
that the functional F is well-defined on the class (p + IFQ’^(n). 

In order to prove that (P^) admits a solution, we first observe that the functional is not constantly 
+ 00 , since by (3.3), F{u^) < + 00 . By using Holder and Sobolev inequalities we get 

|u| \gi\ dx < ||fl'i||LJV(r 2 ) (^Sn + Sn ||Vvp||ii(f 2 ) + ||v^||£,iv'(Q)^ 

for some G[ = G[{N) > 0 and G 2 = ^^(iV, ||9i||LAr(n), llv^ll wli(o)) > 0- In conclusion, we obtain 

(3.6) f F{Vu)dx+ f G{x,u)dx> j F{Vu) dx — G'i\\gi\\iN/Q\ f \Vu\dx — G'f. 

Jn Jn Jn Jn 

with Gf = G 2 {N, llfl'illLJV(Q), ||52||Li(r2), ll¥^lliui.i(fi)) > 0. 

We now take a minimizing sequence {unjneN F (p + IFg^’^(n), thanks to the previous discussion 
we can suppose that 




F{Vun) + G{x,Un) 


dx < C, 


for every re G N. 


In particular, by using (3.6), for every re G N we get 

(3.7) 


I F{Vun)dx<G + C[\\gi\\LNrn) / \Vun\dx + G!f. 

Q Jn 
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We now claim that the previous estimate implies 


(3.8) / F{Vun) dx < C, for every n G N, 

Jn 

for a different constant C = C{N, |0|, || 5 'i||LiV(f 7 ), || 5 ' 2 ||li(o), \\^\\w^^{n),F) > 0. Indeed, if gi = 0, 
then there is nothing to prove. Let us suppose llfi'illLJV(o) > 0. We now take 

M = 2C'i ||5i||lv(q), 

we get 

/» _/V^ /* 1 /* 

Cl II5 i|IlV(q) / \Vun\dx=— / \Vun\dx<- / F{Vun)dx + —r\n\. 

By using this information into (3.7), we get the claimed estimate (3.8). Since F is superlinear, 
estimate (3.8) implies that {Vurijngp} is equi-integrable ([30, Lemma 1.9.1]). Then Dunford-Pettis 
Theorem implies that a subsequence of {VttnjneN (we do not relabel) weakly converges in to 
(j) G L^(n;M'^). By Rellich Theorem, we may also assume that the sequence {unjneN is strongly 
converging in L^(^) to a function u. It is easy to see that u G IT^’^(fl) and Vu = 6, since for every 
G Cg°(ll;M^) we have 


u 


divi/^dx= lim / Und\v'ipdx = — lim / {'Vun,'ip) dx = — / {<:f>,ip)dx. 

Jn Jn Jn 


Then u is admissible for the variational problem. By lower semicontinuity of the functional we get 
the desired result. □ 


4. A WEAKER result: THE CASE OF /I—UNIFORMLY CONVEX PROBLEMS 

In this section, as an intermediate result we prove the following weaker version of the Main 
Theorem. This will be used in the next section. The form of the Lipschitz estimate (4.1) below 
will play an important role. 


Theorem 4.1. Let Q C be a hounded convex open set, ip : —>■ M a Lipschitz continuous 

function, F : —)• M a convex function and f G L°°{Q). We consider the following problem 


(Pu 


mm 


F{u) := / F{Vu) + fu 


dx 


u — (p € 






Assume that (p\dn satisfies the bounded slope condition of rank K > 0 and that F is g—uniformly 
convex outside some ball Br for some 0 < g <1. 

Then every solution u of (P^) is Lipschitz continuous. More precisely, there exists a constant 
Cq = Cq{N, a, P, II/II £,oo(q) , diam(II)) > 0 such that 


(4.1) l|Vu|U„,n, < 

for every solution u. 


In order to neatly present the proof of this result, we divide this section into subsections, each 
one corresponding to a step of the proof. 
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4.1. Step 0: a regularized problem. We will proceed by approximation. We consider a non¬ 
decreasing sequence of smooth convex functions {FfcjfcgN on which converges uniformly on 
bounded sets to F and such that for every k G N 

(4.2) (D'^Fkix) r],r]) > — IryP, for every x G \ and every r] G 

36 

See Lemma A.4 in Appendix A. 

We also introduce a sequence {fk}keN C which converges =t=—weakly to / in L°°{Q,) and 

such that for every k gN 

(4-3) ll/fc|lL“(RJ^) ^ (II/IIl°°(o) + 1 ) =: 

Finally, let {flfcjfcgN and {^k}k£N be as in Lemma 2.6. We then define 

^k{v) = [ Fk{Vv)dx + ^ [ \Vv\‘^dx+ [ fkvdx, 
and consider the following problem 

{Pki,k) min I J'fc(ii) ; u - <pk ^ bFo’^(Ofc)| . 

Existence of a solution to {P^^k) follows from Proposition 3.3. Moreover, since the Lagrangian 
is strictly convex in the gradient variable, such a solution is unique. We will denote it by Uk G 
^k + Observe that by Theorem 2.8, we know that Uk is smooth on 12^. We aim at 

proving a global Lipschitz estimate independent of k. 

Notation. In what follows, in order to simplify the notation, we denote the function Uk by U and 
the set rifc by O. 


4.2. Step 1: construction of uniform barriers. Without loss of generality, we can assume 
that K + 2 (the rank given by the bounded slope condition, see Lemma 2.6) is also the Lipschitz 
constant of (pk on the whole (we only need to redefine ipk outside dO if necessary). 


The proof of Theorem 4.1 is based on the method of barriers that we now construct explicitly. 
In passing, we will also prove that minimizers of {P^,k) are bounded, uniformly in k. 

Proposition 4.2. With the previous notation, there exist a constant 

Lo = Lo{N,K,R,\\f\\Lo.^n) , diam(n)) > 0, 

and two {Lq/ p)—Lipschitz maps £~ —?• M with the following properties: 

(i) for the solution U of {P^x^k), for every x G O, 

< U{x) < i~^{x), 


so that in particular U G L°°{0), with an estimate independent of k; 

(ii) £- =£+ = pk onR^\0. 

Proof. We only give the construction for £~, since the one for £~^ is completely analogous. Let 
y G do, we then take voiv) the unit outer normal to O at y. Recall that by convexity of O 

(4.4) {yo{y),x — y) < 0, for every x G O. 

We introduce the function ak^y defined by 


0'k,y (3^) 


(2diam(C>) -|- {vo{y),x — y))^ — 4diam(C>)^ 
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Observe that this is a convex function such that 

(4.5) = 2, in O, ak,y < 0 in O and ak,y{y) = 0. 

We also observe that by Lemma 2.6, up to choosing k sufficiently large, we can suppose that 

(4.6) diam(O) < diam(O) < diam(O) + 1. 

Finally, we define for x G M'^, 

ipyix) = <fk{y) + {Cy,x- y) +Tak^y{x), 
where is chosen as in (2.1) and 

18 + + \ _ 


T := — 

y \ diam(fl) 

Recall that A is the constant defined by (4.3) and that 0 < /i < 1, by hypothesis. By construction 
we have ijjyiy) = ^k{y) and il)y is (Lo//i)— Lipschitz on O, with 


(4.7) 


Ln — 18 


R + K + ?, 


+ A + 1 ] (diam(n) + 1) + AT + 2 


diam(Q) 

In order to compute Lq, we also used that 

(4.8) diam(O) < |Vafc^y(a;)| = 2 2 dia,m{0) + {uo{y),x — y) <4diam(n)+4, 

which follows from the convexity of O and (4.6). Moreover, by (2.1) and (4.5), we have 

i^y <y^k, on do. 

Let U be the minimum of [Py^k)- By testing the minimality of U against the function max{t/, 
we get 


(4.9) 


[ [FkiVU)-Fk{V^I;-)]dx + y [ f|V17|2-|VV^, 

J{u<^py} ft 


{U<i^y} L 


dx 


< 


[ fk {ipy -U)dx < f {'ll: - U) dx. 


'{u<^l,y} 


{U<i^y} 


By using convexity in the left-hand side of (4.9), we can estimate 




[FkiVU)-Fk{V2l:;)]dx + - 


(4.10) 




|VC/|2 - \vry 
> [ {VFk{V:l:-),VU-V%)dx 

J {U<1py } 

+ 11 {Vil:-,VU-Vi:-)dx. 
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By integration by parts, 

/ {VFkm-),VU-V^lj-)dx + 
J\ 


f div(VFfc(VV;;))(i/;;-[/)dx 

(V’y “ 


{U<i^y} 


By noticing that ^'tpy = Cj; + 7" with \(y \ < K + 2, the definition of T and the lower bound 

in (4.8) imply 

i? + 1 < T iVafc^yl — (K + 2) < I . 

As a consequence of^ (4.2) and by construction of ipy , we have 

N 

div(VFfc(VV^y )) = d,:^xjFkiV'tpy (x)) 


Li=i 


= ^ r Aufc . = ^ T > A + 1 > /+ + 1. 

3 g 18 “ - ^ 


Hence, 


[ diY{VFkiVi/jy )) {-ipy -U)dx+‘^ f Alp {ip -U)dx 
J{U<i^y} ^ hu<i>y} 

> f {f+ + l){ip;-u)dx. 

J{U<^Py} 

In view of (4.10), we thus obtain 


'{U<'^y} 


[FkiVU) - FkiVip-)] dx + - 


k 


'{U<'^y} L 


|VC/|2 - \vt 


-|2 
y I 


dx 


> / {f+ + i){^--u)dx. 

J{U< 1 py } 


But (4.9) then implies 

\{U < 'ipy}\ = 0, namely, for a.e. x € O, U{x) > ipy{x). 
We now dehne the map i~ as follows 


i (x) = < 


sup ipy (x), if X G O, 

y&dO 


(/9fc(x), otherwise. 

Since £~ coincides with on \ O, is (Lo/^)~Lipschitz and satisfies £~(x) < U{x) for every 
X G O, this map has the desired properties. □ 


‘*If 51 and S 2 are nonnegative symmetric matrices and A is the lowest eigenvalue of 5i, then tr (5i S 2 ) > Atr ( 52 ) 
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4.3. Step 2: construction of competitors. We still denote by C/ a solution of {P^^k) and we 
extend it by ^pk outside O. Let Lq be the constant appearing in Proposition 4.2. We pick a > (Lo//x) 
and r G \ {0} such that O H (O — r) 7 ^ 0. For every function ijj, we denote 

'tprix) = ip{x + t), X G 

and we set 

'ipT,a{x) = ijjrix) — a |r|, X G 

Finally, we introduce the notation Or := O — t and consider the functional 


Pk,T{w) 



Fk{Vw{x)) + fk,T{x) w{x) 


dx, 


W G W^'\Or). 


By a change of variables, we have the following. 

Lemma 4.3. The map Ur,a minimizes Fk,T on Ur,a + WQ'^{Or)- 

In order to compare U and Ur,a on O D Or, we will use the following result. 

Lemma 4.4. With the previous notation, we have 

Ur,a{x) < U{x), for a.e. x G \ (O H Or)- 

Proof. Let x G \ (O H Or) be a Lebesgue point of U and Ur- 

We first consider the case x ^ O. By using U < £+ on a > {Lq/ fj) and the (Lq/^)—L ipschitz 
continuity of we get 


U(x) = Pk(x) = i~^{x) > ir(x) -^ k| > Urix) -^ I'eI > Ur a{x) ■ 


If X 0 Or, we use U > i on to get 

U{x) > r{x) > (.f{x) - — |r| = {(pk)T{x) - — |r| = Ur{x) - — |r| > Ur,a{x). 

T T h’ 

This completes the proof. 

We now introduce the two functions 

_ J max{C/, Ur,a}, on OCiOr, 

’ U, onO\ Or, 


(4.11) 


V = 


W = 


_ J min{[/, Ur,a} on O n Or 
Ur,a, on Or \ O. 


□ 


Then by Lemma 4.4, we have V G U + Wl'^{0) and W G Ur,a + Wl’^ {Or)■ By using the minimality 
of [/, we have 

Pk{U) <Fk{eV + {l-e)U), for every 9 G [0,1]. 

Analogously, by Lemma 4.3 we get 


J^k,AUr,a) < J^k,r{e W + {I - 9) Ur,a), for every 9 G [0,1]. 

By summing these two inequalities, and taking into account the definitions of V and W, with 
elementary manipulations we hnally obtain 


(4.12) 


'Ar{a) 


Fk{yUr,A + Fk{VU) - Fk{9VUr,a + (1-0) VU) - Fk{9VU + {I - 9) VUr,a) 

<0 [ {fk-{fk)r){Ur,a-U)dx, 

J Aria) 


dx 
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, / X I Ura(x) — U(x) 

Ar{a) = \ x € OnOr : ’ - — > 0 


where 


4.4. Step 3: a uniform Lipschitz estimate. In this part we prove the following. 

Proposition 4.5. With the previous notation, we have 




C 


for some constant L = C{N, R, K, ||/||x,oo(f 7 ), diam(II)) > 0. In particular, the estimate is indepen¬ 
dent of k 

Proof Let us fix fe G N. We define the set 

Ar{a,R) = {x G Ar{a) : \VUr,aix)\ > 2i2 and |Vf7(x)| > 2R}. 

By using equation (A.8) from Lemma A.3 in inequality (4.12), and then dividing by 0 and letting 
9 go 0, we get 

|2 


C/X / \VU-VUr,al 

JAr{a,R) 


dx < [ {fk - {fk)T) {Ur,a - U) dx, 
J At (ct) 


for some universal constant c > 0. We now assume that t = hei where h > 0 and ei is the first 
vector of the canonical basis of Remember that fk is compactly supported and define for 
almost every x = (xi,..., x^r) G 

rxi+h 

gk,h{xi, ■ ■ ■ ,Xn) = / fk{t,X 2 , ■ ■ ■ ,Xn) dt. 

J X\ 

Observe that gk,h is a smooth compactly supported function. Moreover, we have that gk,h/h 
converges uniformly to fk, since 

9k,h{x) 


h 


- fk{x) 


rxi+h 

- J \fk{t,X2,...,XN) - f{xi,X2,...,XN)\dt, 


and fk is smooth and compactly supported. By Fubini theorem, we also have for every g G 
Af) 

/ gk,h'nxidx= / {fk - {fk)hei) vdx. 

We apply this observation to the map g = V — U (extended by 0 outside O) where V is defined in 
(4.11). Since g coincides with Uhei,a — U on the set A/iei(a), we obtain 

/ ifk {fk)hei) {Uhei,a U) dx = j gk,h {{Uhe\,a U') + )x, 

— I gk,h {Uhei,a U)„, dx. 

JAhe^ia) 

Observe that {Uhei,a)x± = {Uhei)xi- If we commute the derivative and the translation, by dividing 
by a factor we then get 

2 


(4.13) 


Ah (a,/2) 


V?7/iei,a - VC/ 


h 


, c 

dx < — 

h Ja 


gk,h {Uxi)hei Uxi 


h e-i{a) 


h 


h 


dx. 
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Now, since a > Lq/^ > 2R (by definition of Lq in (4.7) and the fact that 0 < /x < 1), 




h^O 


Here, we also use the fact that U is smooth on O. This implies that we can apply the dominated 
convergence theorem and let /i go to 0 in (4.13), so to get 


[ |V[/xiP dx < — f fkUxixi 


dx. 


From this and the fact that = 0 almost everywhere on {Ux^ = a}, we get 


/ 

J{l 


which implies by Holder inequality 


\VUx^^dx < — 


' {Uxi>a} 


I Uxixi I dx 


(4.14) 


L^{{Uxi>a}) \{Uxi > o}h- 


We denote ©(a) = |{x G O : Ux^ > a}| the distribution function of Ux^- By Cavalieri principle, 


we have 


^+oo 

Uxi - a|Ui({(7,i>«}) = / \{x e O : Uxi > s}| ds =: 

J OL 


r-\-oo 


0(s) ds. 


By Holder and Sobolev inequalities and using (4.14), we obtain the following inequality for almost 
every a > Lo//x, 

r+oo ^ 

/ 0(s)ds <-0(a)T', 

J OL 

with 7 = (A^ + 1)/A^ > 1 and C = C{N^K) > 0. In other words, the nonnegative nonincreasing 
function x(a) = Q(s} ds satisfies the following differential inequality 


X(a) < — {-x\a)y , 


r ^ ^0 

for a. e. a> —, 


where C = C{N,A) > 0. This easily implies (as in Gronwall Lemma) that x(q^) = 0 for every 
a > ao where 


_Lo 7 

«0 —-1-7 

/X 7-1 


1 

C\ 7 
fJ- 


F + OO 


7-1 

7 


' Lo/fJ- 


0(s) ds 


Since x Xo/n) < (C/n) 0 (Lo//x)^ < (C/zx) \0\^, we get 

ao<- + -^\OV-\ 

/X /X 7 - 1 

Observe that by definition we have \ 0\ = Iflfc]. Then by Lemma 2.6 and the isodiametric inequality, 
up to choosing k sufficiently large we can suppose that \0\ = in^l < C (diam(n)+l)'^, for a constant 
C = C{N) > 0. We thus have 


. -0 , C* 7 

ao <-^- 

/X /X 7 
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possibly for a different constant C = C{N,A) > 0. Observe that £ = C{N, K, R, A, diam{Q)) > 0. 
Thus we have 0(£//u) = 0 and hence 

£ 

Ux-i < — for a. e. x € O. 

A 

By reproducing the previous proof with h < 0, we can show that Ux^ > ~£//^ as well. In the end 
\Uxi \ < £//a and of course this is true for every partial derivative, thus ||V17|| L°°(o) — C./fi. IT 


4.5. Step 4: passage to the limit. Since we have to pass to the limit as k goes to oo, it is now 
convenient to come back to the original notation Uk and Let us set 

Uk ■= 'afcp, k gN. 

By Lemma 4.5 and Ascoli-Arzela Theorem, there exists a subsequence of {ufcjfceN (we do not 
relabel) which uniformly converges to some map v on Q. Moreover, v is still (£/^)—Lipschitz 
continuous on 14. 


Lemma 4.6. The limit function v solves (Pfj,). 

Proof. We first prove that v agrees with (p on dQ. Let y G cA4, by Lemma 2.6 there exists a 
sequence of points yk G converging to y. Then 

\v{y) - T{y)\ < \v{y) - uk{y)\ + \uk{y) - Uk{yk)\ + \Tk{yk) - Tk{y)\- 

Here, we have used the fact that Uk\dny. = and Pk\dn = £• Since the Lipschitz constants of 

Uk and (fk can be bounded independently of k, this implies v{y) = p{y). Hence, v = (p on dQ. 

We now prove that v minimizes P in p + ITQ^’^(f4). Let w G p -h ITq^’^(H), we denote by Wk the 
extension of w by pk out of Q. Observe that we have Wk G pk P WQ''^{Qk)- Then for every k G N 
we have PkiPk) < ^k{wk), which gives 

( 4 . 15 ) / Fk{A/uk)dx+ I fkUkdx< I Fk{Vwk)dx + ^ [ \Vwk\'^dx+ [ fkWkdx. 

By definition of Wk and the fact that Fk < F, we get 

/ Fk{Vwk)dx< / F{Vw)dx+ / F{Vpk)dx. 

Since pk is {K + 1)—Lipschitz , this gives 

/ Fk{'Vwk)dx< / F{'Vw)dx+ \ max F{f^). 

Juk Jn 

By using Lemma 2.6, we thus obtain 

limsup / Fk{Vwk)dx< / F{'Vw)dx. 

k —^~ 1“00 u 


We also observe that 


(4.16) 


Fk{Vuk{x)) > F(yuk{x)) - \Fk{Vukix)) - F{Vukix))\ 
> FiVukix)) - max |Tfc(0 - £(0I- 
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where we used Proposition 4.5. The sequence {Fk}ken uniformly converges to F on bounded sets, 
thus using (4.16) we get 


(4.17) 


liminf / Tfc(VMfe) dx > liminf ( / F{Vuk) dx - \Qk\\\Fk - FWioo/Br,,,) 
J^k fc^+oo \J^ 


> liminf / F{Vuk)dx> / F{Vv)dx. 

k^+oo Jq Jq 


In the last inequality we used the weak lower semicontinuity of the functional w i—?• fr^F(Vw) on 
Clearly, 


(4.18) lim y [ \Vwk\‘^dx= lim 

k^oo k Jq, fc^+oo 


i [ \Vw\'^dx + y f \V(pk\'^dx 
K Jn k Jn,,\n 


= 0 . 


By recalling (4.3) and that \^lk \ converges to 0, we have 


lim 

k^oo 




fk Wk dx 




By using this fact, the *—weak convergence of fk to / in L°°(n) and that Wk = w on fl, we get 


(4.19) 


lim 

k^oo 


fkWkdx= lim / fi^wdx= / fwdx. 




k^oo 


Moreover, since {uk}keN converges to v in L^(n), with a similar argument we also have 


(4.20) 


lim / fkUkdx= fvdx. 


By passing to the limit in (4.15) and using (4.17), (4.18), (4.19) and (4.20), we get F{v) < F{w). 
By arbitrariness of w, this shows that u is a solution of (P^). □ 

4.6. Step 5: conclusion. Since u is a (£//i)—Lipschitz solution of (Pfj,), we use Lemma 2.9 to 
conclude that every solution u of {P^) is Lipschitz continuous. More precisely, we have the following 
estimate 

I|V^IIl°°(o) < 272+ ||Vu||j;^oo(Q) < - ^ =: , 

/i /i 

where we used again that 0 < ^ < 1. This completes the proof of Theorem 4.1. 


5. Proof of the Main Theorem 

Finally, we come to the proof of the Main Theorem. We will need the following “density in 
energy” result, whose proof can be found in [4, Theorem 4.1]. The original statement is indeed 
fairly more general, we give a version adapted to our needs. 

Lemma 5.1 ([4]). Let Q C be an open bounded convex set. Let F : —>■ M 6e a convex 

function, f G L^{Ll) and (p : —)• M a Lipschitz continuous function. Then for every u G 

+ + kFo^’^(fl) such that 

/ |F(Vri)| dx < + 00 , 

Jn 
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there exists a sequence {uk}keN C ip + such that 


(5.1) lim \\uk — u\\^^i,i(Q\ = 0 and 

fc—>-oo ^ ’ 


lim 

k^oo 


F{Vuk) + fuk 


dx = 


m 


F{Vu) + fu 


dx. 


Proof. For the case / = 0, the proof is contained in [4]. In order to cover the case / G L^(n), it is 
sufficient to observe that by Sobolev embedding and strong convergence in sequence 

{ufcjfceN also converges weakly in (11). Then the result easily follows. □ 

5.1. Step 1: reduction to /r— uniformly convex problems. For every Q > R, we consider the 
minimization problem 


(Pq) 


mm 




FqiVu) + f u dx : u — if ^ IFQ^’^(n) 


where Fq : —?■ M is a convex function such that 

i) Fq = F in Bq] 

ii) F is /xq— uniformly convex outside the ball Bji, with 


un = min I 1, min 4>(t) > 
^ i ie[2R,4<9] j 


see Lemma A.5 below. Observe that 0 < fig < 1. By Theorem 4.1 and (4.1), we get that every 
minimizer uq of (Pq) is such that 

hQ 

with £o independent of Q. We now take Q ^ R sufficiently large so that 

P<Q-i. 

hQ 

Observe that this is possible, thanks to the definition of pq and property (1.3) of the function <h. 
Thanks to this choice and the construction of the function Fq, we thus get 

(5.2) Fq{Vuq) = F{Vu). 

Let us take v € (p + lFg^’“(ll) and 6 G (0,1) such that 

6 (Q — 1 — IIVn||2,cx>(f^)) + IIVn||2,tx>(f2) < Q. 

Then the function 9 uq + (1 — 0) n is such that 

||0 VttQ + (1 — 0) Vn||/,oo(f2) < Q, 

so that by using again F = Fq in the ball Bq and the convexity of F, we get 
Fq {eVuq + {l- 9) Vv) = F{9 Vuq + (1-9) Vv) 

< 9F{Vuq) + {l-9)F{Vv). 


(5.3) 


We observe that 9 uq + {1 — 9) v is admissible for (Pq), then by using the minimality of uq, (5.2) 
and (5.3), we obtain 


in 


F{Vuq) + fuqdx<9 / F{Vuq) + fuq dx + {1 - 9) / F{Vv) + fv 


in L 


in L 


dx, 
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which finally shows that uq minimizes the original Lagrangian F among Lipschitz functions, i.e. 
uq is a solution of 


mm 


F(Vu) + f u dx : u — cp £ 


5.2. Step 2: conclusion by density. In order to complete the proof, it is only left to prove that 
Uq minimizes F among functions as well. At this aim, let u G (/? + be such that 


F(Vu) + /u 


dx < + 00 . 


Since fv G L^(n), this implies that f^F(Vv) < + 00 . By noting F+ and F_ the positive and 
negative parts of F, we observe that by (3.5), we can infer 


This and the fact that 


/ F_(V?;) dx < max |F| |n|. 

/fi Br 


+00 > / F{Vv)dx= / F+(Vu)dx— / F_(Vu)dx, 

J ^ J Q, J ^ 

imply F{Vv) G L^{Q). By Lemma 5.1, then there exists a sequence {vk}keN C p + ITq^’“( 0) such 
that (5.1) holds. By using the minimality of uq m. ip + lTQ ^’°°( n ), we get 




F{Vuq) + fuQ 


dx < 




FiVvk) + fvk 


dx. 


If we now pass to the limit and use (5.1), we obtain that uq is a Lipschitz solution of (P$). By 
appealing again to Lemma 2.9, we finally obtain that every solution of {P^) is globally Lipschitz 
continuous. This concludes the proof of the Main Theorem. 


6. More general lower order terms 
In this section, we consider more general functionals of the form 


F{u) 


F{Vu) + G{x,u) 


dx, 


JO. 

where GrUxM—)-Misa measurable function which satisfies the following assumption; 
{FIG) • there exists a positive g G L°°{Q.) such that 


|G(x, u) — G{x, x)| < g{x) \u — v\, for a. e. x G O, every rt, x G M; 
• there exists b G L^' (Q) such that 


/ |(S'(x, 6(x))| dx <+ 00 . 


Jn 

Remark 6.1. As a consequence of (HG), we have that for every v G L^'(H.) (in particular for 
every v £ p + Wq (11)), the map x 1 —>■ G(x,v(x)) is in L^(Q). 

We then have the following generalization of the Main Theorem. 
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Theorem 6.2. Let LI C he a hounded convex open set, ip : —)> M a Lipschitz function, 

F : —>■ M a convex function and G ; 0 —)• M a map satisfying (HG). We consider the following 

problem 


{Pg) 


mm 


IQ, 


F{Vu) + G{x, u) 


dx 


u-ip£ 


We assume that p\dn satisfies the hounded slope condition of rank K > 0 and that F is ^—uniformly 
convex outside some hall Br. Then problem (Pg) admits a solution and every such solution is 
Lipschitz continuous. 


Proof. Assumption (HG) implies that for almost every x € LI and every u G M, 

G{x,v) > G{x,b{x)) — g{x)\v — b{x)\ > G{x,b{x)) — g{x) \b{x)\ —g{x)\v\ 


and the function into square brackets is in L^{Ll). Thus we can apply Proposition 3.3 and deduce 
existence of a solution u G VFQ^’^(n) + ip. We now divide the proof in two parts. 

Part 1. Let us first assume that for almost every x € LI, v G{x, v) is differentiable. We denote 
by / the measurable map 

f{x) = Gu{x,u{x)). 

Observe that \ f\ < g almost everywhere on Ll. For every u G (/? + Wq ’^(0) and every 9 G (0,1), the 
minimality of u implies 

p{u) <F{{i-e)u + ev). 

Hence, by convexity of F, 


F{Vu)dx< / F{Vv)dx + 


G{x, u + 6 {v — u)) — G{x, u) 

9 


Thanks to (HG), we can apply the dominated convergence theorem in the right 


dx. 

hand side to get 


F(Vu) + /u 


dx < 


F{Vv) + fv 


dx. 


Jn ^ Jn 

This proves that u is a minimum of the initial problem (P^) to which the Main Theorem applies. 
In particular, u is £—Lipschitz continuous, where £ depends on N, $, K, R, diam(O) and ||9 ||l°°(o)- 
This proves the statement under the additional assumption that G is differentiable with respect to 

u. 


Part 11. In the general case, we introduce the sequence 


Ge{x,u) 



v)pe{v)dv. 


where is a smooth convolution kernel. Observe that G^ satisfies (HG) with the same functions g 
and b and is differentiable with respect to u. Hence, we can apply Proposition 3.3 again to obtain 
a solution Ue to 


min 


£(Vu) + Ge(x, u) dx : u — p ^Wq'^{LI)\ 


By Part I of the proof, we know that Ue is ai—Lipschitz continuous, with ai independent of e. Up 
to a subsequence, this net of minimizers thus converges to a Lipschitz continuous function, which 
solves (Pg)- This last assertion can be established as in Lemma 4.6. In view of Lemma 2.9, this 
completes the proof of Theorem 6.2. □ 
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When is a uniformly convex set, every map (p : dQ —)■ M satisfies the bounded slope 
condition. In contrast, this condition becomes more restrictive when dQ contains affine faces. For 
instance, if is a convex polytope, the bounded slope condition requires (p to be affine on each 
face of In [8], Clarke has introduced the lower bounded slope condition, which can be seen as 
one half of the full two sided bounded slope condition. 

Definition 6.3. Let Q be a bounded open set in and K > 0. We say that a map (p : dQ —)• M 
satisfies the lower bounded slope condition of rank K if for every y G dQ, there exists G such 
that |(^“| < K and 

(6.1) p{y) + {Cy , X — y) < p{x), for every x G dQ. 

It follows from the proof of Lemma 2.4 that a function p : dQ —)• M satisfies the lower bounded 
slope condition if and only if it is the restriction to <912 of a convex function defined on . The 
Main Theorem has the following variant when the bounded slope condition is replaced by the 
weaker lower bounded slope condition: 

Theorem 6.4. Let Q be a bounded convex open set in , p : —)■ M a Lipschitz continuous 

function, F : —)■ M a convex function and f G L°°(n). We assume that p\dn satisfies the lower 

bounded slope condition of rank K > 0 and that F is p—uniformly convex outside some ball Br. 
Then every solution u of (P$) is locally Lipschitz continuous on Q. 

The proof follows the lines of the proof of the Main Theorem except that the translation technique 
in Step 2 of the proof of Theorem 4.1 must be replaced by the dilation technique introduced in [8]. 
We omit the details. 


Appendix A. Uniformly convex functions outside a ball 


A.l. Basic properties. We first present a characterization of uniformly convex functions outside 
a ball in terms of second order derivatives. 


Lemma A.l. Let F : —)■ M 6e a convex function and {pe}e>o F C^{B^) be a sequence of 

standard mollifiers. 

(i) Assume that F is ^—uniformly convex outside some ball Br. Then for every s > 0, for 
every R' > R + e, for every ^ G \ B/j+g and rj G 

(A.l) {\7^{F* pe){C)r],7]) > ( min ^{t)]\7]\‘^. 

(a) Assume that there exist p > 0 and R > 0 such that for every e > 0, for every |x| > i? + e, 
for every rj G , 

(A.2) {V'^{F * pe){x)r],r]) > p\r]\'^. 

Then F is p—uniformly convex outside Br. 


Proof. Assume first that F is <1>—uniformly convex outside B^. For every ^ G Bji^ for every 

y € B^,!] & and every h > 0 sufficiently small, the segment [C + hr] — y,f^ — hp — y] does not 
intersect Bji. Hence 


F{f, -y)< ^F{^ + hp-y) + ^F(^ -hp-y)-^h‘^ |r/p 4>(|^ + hp - y\ + \^ - hp - y\) 


< + hp-y) + ^F{^ -hp-y)-^h^\p\^ 


min 

tG[2 R^2{R'+s-\-h\r)\)] 


GLOBAL LIPSCHITZ CONTINUITY 


27 


By multiplying by p^iy) and integrating, this gives 

F*pe{0 < * PeiC + hp) + * p^iC - hr]) - 


min <l>(t) . 

le[2 7J,2(7J'+£+/i|7?|)] ' 


Hence, we get 


{F * pe){Ov,v) = lim 

h^O 


F * PeiC + hp) + F * PsiC - hp)- 2F* PeiC) 




> 


min $(t) ) |? 7 p 
te[2i?,2(i7'+£)] ' 


This completes the first part of the statement. 


Assume now that (A.2) holds true. Let 6 G [0,1] and G be such that H Bpi = 0. For 
every e > 0, we take G such that [^£5 H = 0 and 

lim|6-C|=0 and lini = 0. 

£-S>0 £->0 

We have 

F * p,{^,) = F * p,{ei, + {i-e) o + {i-e) (v(f * p,){e^, + {i-o) 0,ie - O 

+ (1 - 0)2 [ (l-t) {D\F * p,) {t + (1 - t) {9 C£ + (1 - 9) C)) (6 - ^0,6 - dt. 
Jo 

Since the segment [^g, 0^^ + (1 — 0) ^'] does not intersect Br^^, assumption (A.2) implies 

F * PeiCe) > F * p,(0C£ + (1 - 0) Q + (1-0) (V(F * p,)(0 ?£ + (1 - 0) Q,Ce - Q 

+ f 

Similarly, we get 

F * Pe{Q > F * Pe{9^e + {I - 9) Q + & (V(F * p,){9 Ce + {I - 9) - 6) 

We multiply the first inequality by 0 and the second one by (1 — 0). By summing them, we get 
9F*pe{^,) + {l-9)F*p,{Q>F*p,{9^e + {l-9)Q + ^9{l-9)\Ce-CX. 

We then let e go to 0 to obtain (1.4). This completes the proof. □ 


We will also need the following technical result. Here denotes the 1—dimensional Hausdorff 


measure. 


Lemma A. 2. Let F be a convex function which is p—uniformly convex outside a ball Bji = Bji(0) C 
For every G and every G dF{f^), we have 

(A.3) F{0 > F{0 + (C, + ([e,^'] \Br)\ 

Proof. We can assume that ^ ff ■ We have several possible cases: 

Case A. ?^^([^, \Br) = ?^^([^, C']). In this case, the segment [^, does not intersect Br and thus 
(A.6) follows directly from (3.1). 

Case B. \ Fr) = 0. Then (A.6) follows from the convexity of F. 
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Case C. 


(A.4) 

(A.5) 


0 < \ Bpi) < Without loss of generality, we may assume that ^ 0 Bpi 

and that the half-line {.^ + t{£,' — ^);t > 0 } intersects the sphere dB^ at two points ^ 1,^2 
such that G [C 2 )^]- We now in turn have to consider two cases: 

or 6 e [?^ 6]5 

(see Figure 2 below). 



Figure 2. The two possibilities for Case C in the proof of Lemma A.2. 

When G [^ 1 ,^ 2 ]) we use the fact that the segment [Ci,?] lies outside the ball Br. It 
follows from (3.1) that for every (^1 G 9F(^i), 

F(0>i"(6) + (Ci,C-ei) + f IC-eil'. 

Let C,' G dF{^'). By convexity of F, we also have 

i"( 6 )>i "(0 + (C', 6 - 0 , 

and 

(Ci-C',6-0 >0, 

since the subdifferential of T is a monotone map. The latter inequality implies that 

(Ci-c',e-ei) > 0 . 

Together with (A.4) and (A.5), this yields 

T(0>F(O + (c',?-O + f k-ap 

= F{^>) + (C', e - e') + f e'] \ Bnf, 

which settles the first case. 

In the second case, in addition to (A.4), we also use the fact that for every (2 £ dF{^ 2 ), 

i"( 6 ) >i"( 6 ) +(( 2 , 6 - 6 ), 

and for every (' G dF{^') 

F(6) > FiO + (C',6 - (') + f 16 - (f, 
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again by (3.1). By using as in the first case that (Ci “C^ > 0 and (C 2 — C^ “'^ 2 ) > 0 , 

we thus obtain 

+ (C',e - e') + f (I? - + 1 ^' - 6p) 

> FiO + (c ',+ ([e,^'] \Br)\ 

This completes the proof of (A.3). □ 

Thanks to the previous result, we can detail some consequences of the uniform convexity that 
we used in the proof of the Main Theorem. 


Lemma A.3. Let F be a convex funetion which is fi— uniformly convex outside a ball Br = Br{0) C 
M'^. Then we have: 

i) for every G , and every ( G dF{^), if |^| > 2R or |^'| > 2R, then there holds 

(a.6) FiO > F(0 + (C ,^'-0 + ^ le' -II'; 

3d 

a) for every G , and every ( G dF{^),(' £ dF{^'), if |^| > 2R or |^'| > 2R we have 

(A.7) 

in) for every G R^ \ B 2 R and for every 6 G [0,1], 

(A.8) F{e ^ + {i-e)e)<e t( 0 + (i - 0) F{a if; 

3d 

iv) for every ^ G R^, 

(A.9) F(0 > L |j|2 _ (^|F(0)| + L |8“F(0)p) , 

where d°F(f)) denotes the element ofdF{0) having minimal Euclidean norm. 


Proof. We claim that for every f G 
(A.IO) 


and every G R^ \ B 2 R, 




Let us fix G R^ \ B 2 R and let | G R^. We set r = Then we see that among all f such 

that 1^ — ^'1 = r, the length of the set [|,|^] \ Br is minimal for the vector 

f" := tf), with t < 1 such that (1 — t) = |^. 


Then we have 

77'([lM"]\7?f 


Observe that 


r, if r < l^'l — R, 

Ifl-i? if||'|-7?<r<||'|+i?, 
r — 2 R, if j^'j + R < r. 

Il'|-72>|^, 


and for |^'| — R < r < |,f'| + i? we have 

r < ^ ll'l < 3 (l^'l - 7?) = 3?^H[IM"] \ . 
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Similarly, for + R < r, we have 

\ ^ - 2ii) > ^ If'l - ^ fl) > ^. 

By recalling that r = the claim (A.10) follows. The inequality (A.6) can now be easily 

deduced from (A.3) and (A. 10). 

Inequality (A.7) can be easily obtained from (A.6). Indeed, by exchanging the role of ^ and in 
(A.6) we get 

T(0 - > (C,e'- 0 + le - , 

3d 

and 

F(0 - T(0 > (C', e - O + ;£ le - e?. 

3d 

By combining these two inequalities we get (A.7). 

Let us take G \ B 2 r. For every 6 G [0,1] and every ( G dF{9 ^ + (1 — 0) ^') by (A.6) we get 

FiO >Fi9^ + {l- 9) e') + (1 - 0) (C, e - O + (1 - 

3d 

and 

F{i') >F{9i + {i- 9) i') + 0 (c, e' - 0 +le' - eP- 

3d 

Then (A.8) can be obtained by multipliying the first inequality by 9, the second one by (1 — 9) and 
then summing up. 

Finally, we use (A.6) with G ? = 0 and C = d°F{{)) as in the statement, then we obtain 

F{i') > F(0) + {c,«') + Iff > ^ Iff - (|F(0)| + 1? ICI") . 
where we used Young inequality in the last passage. This proves (A.9). □ 


A.2. Approximation issues. This section is devoted to prove some approximation results we 
used in the proof of the Main Theorem. 

Lemma A.4. Let F : —)• M 6e a convex function, which is fj,—uniformly convex outside the 

ball Br. Then there exists a nondecreasing sequence {F).}fcgpj of smooth convex functions which 
converges to F uniformly on bounded sets. Moreover, for every k > 2R, F^ is 36) —uniformly 
convex outside the ball Br^i . 


Proof. Let us set for simplicity yf = /x/36. For every /c G N, we dehne at first 


Fk{x) := sup 
\y\<k 
C.&aF{y) 


F{y) + {C„x-y) + ^\x- y\^ l^N\B 2 Riv) 


x G 


r,N 


Of course, this is a nondecreasing sequence of convex functions. \ik <2R, then by convexity of F 
for every |y| < k, every f G dF{y) and every x G we get 


P 


F{y) +{C,x-y) +— \x-y\ l^N^s^Riv) <F{x)- 


(ATI) 
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If A: ^ ‘2 R cUid 1^1 ^ /u, W6 Iiciv6 two possibilities! either |y| ^2R or |y| ^ 2R. In the first ense we 
still have (A.11) for every C G dF{y) and x G simply by convexity of F. In the second case, 
we can appeal to Lemma A. 3: indeed, for every x G and every G dF{y), we have 

Fix) > F{y) + {C,x-y) + y! |a: - y\^. 

In any case, we obtain that for every x G 

Fk{x) < F{x), 


and the equality holds when x £ B^- In particular, for every k > R the function Fk is |U—uniformly 
convex on Bk \ Br. 

When k > 2 R and |x| >2R, we claim that 


(A.12) 


Fkix) 


sup 

2R<\y\<k 

CedFiy) 


Fiy) + {C,x 




This follows from the fact that for every yo G B 2 R and Co £ dFiyo), there exists y £ Bk \ B 2 R and 
C G dFiy) such that 


(A.13) Fiy) + {C,x-y)> T(yo) + (Co, x-yo). 

Indeed, take any y £ [yo, x] n (Sfc \ B 2 r). Then, by convexity of F, 


Fiy) > Fiyo) + (Co,!/ - yo)- 


Hence, by using this and the fact that y — x = tiyo — y) for some t > 0, we can infer 
Fiy) + {C,x-y) > Fiyo) + (Co, V - Vo) + (C, x - y) 

= Fiyo) + (Co, x-yo) + (Co - Q.V - x) 

= Fiyo) + (Co, x-yo) +t (Co - C, yo - y) 

> Fiyo) + (Co, a; - yo)- 


In the last line, we have used 

(Co - C, yo - y) > 0, 

which follows from the convexity of F, by recalling that C £ dFiy) and Co £ dFiyo). This proves 
(A. 13) and thus (A. 12 ). 

It follows that Fk is /r'—uniformly convex on M.^\B2r as the supremum of //'—uniformly convex 
functions on \ B 2 R. Since //' < //, on the whole we get that Fk is //'—uniformly convex on 
\ Br. 

In the remaining part of the proof, we hx some k > 2 R. We claim that for every x £ 

(A.14) Fk+iix) > Fkix) + //' (|x| -k - 1)+. 

If |x| < A: + 1 this is immediate, thus let us assume that |x| > A; + 1 . Let yo £ Bk and Co £ dFiyo) 
achieving the supremum in the definition of Fk, i.e. 

(A.15) Fkix) = Fiyo) + {Co,x- yo) + y|x - yo|^ lRJv\s 2 _R(yo)- 

Let y £ dBk+i n [x, yo] be such that [y, x] n Br = 0. Then by definition of Fk+i and Lemma A. 3, 
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Figure 3. The construction for the proof of (A. 14). 

we get for every ( G dF{y) and every (o G dF{yQ) 

h+iix) > F{y) + {C,x - y) + ^\x - y\‘^, 

and 

F{y) > F{yo) + (Co, y - Vo) + y'\y - yoP- 
Combining these two inequalities, we get 

(A.16) Fk+i{x) > F(yo) + (Co, a; - 2/o) + ^\x- yoP + A, 

where 

(A.17) A = (Co - C, y - a:) + y |x - yp + y! \y - yoP -^\x- yo|^- 

If we now use (A.7), we obtain 

(Co - C,yo - y) > 2/i' |yo - y?- 
Since y - x = {yo - y)\y - x\/\yQ - y|, this implies 

(Co -C,y-x)> 2y' |yo - y| |y - x\. 

By inserting this into (A.17) and observing that \x — yo| = |a; ~ y| + |y ~ yo|, we obtain 

A> y' \yo - y| |y - x| + y |y - yoP- 
In view of (A. 16), (A. 15) and also using the fact that 

|yo-y|>l and |y - x| > |x| - |y| > |x| - (/c + 1), 

this finally implies 

-Fa:+i(x) > Fk{x) + y (|x| - /c - 1), 


and (A. 14) is proved. 
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We now establish the following Lipschitz estimate for Fk'- for every x,x' ^ , 


(A.18) 


Fk{x) - Fk{x') <[Lk + ^{\x\ + \x'\ +2k)] \x - x'\, 


where Lk is the Lipschitz constant of F on Bk- Indeed, for every y € Bk and every G dF{y), we 
have^ 


F{y) + {C,x -y) + ^\x - l]Riv\B2fl(2/) < F'{y) + {C,x' - y) + ^ \x' - yp lRN\B 2 Riy) 

J 

+ Id \x - x'\ + ^\x - x'\ (|x| + |x'| + 2 |y|) 

< Fk{x') + + y (k| + Ix'l + 2 k)^ \x - x'\. 

By exchanging the role of x and x' we get (A.18). 

Let us introduce a family {pe}e>o C C^{B^) of smooth mollihers. For some sequence {efcjfceN C 
(0,1/2) to be specihed later, let us consider 

1 

k' 

By Lemma A.l, every Fk is a smooth /x'—uniformly convex function outside Brj^i and the se¬ 
quence {FfcjfceN uniformly converges on bounded sets to F. It remains to prove that is 

nondecreasing. By (A.18), for every x G , 

Fk{x) < Fk{x) -|- ^Lk + —{2\x\ F Ek F 2 k)^ £k — 

Moreover, by (A. 14) we have 

Fk{x) < Fk+i{x) - p! (|x| - k- 1)+. 

Since Fk+i is convex, by Jensen inequality we also have 

Ffc+l(x) < Fk+l* Pe^+^{x). 

Hence in order to have Fk{x) < Fk+i{x) it is sufficient that for every x G 
(A.19) + y (2 |x| FSkF 2k)^ £k - ^ < P (|a;| - A: - 1)+ - y^- 

When |x| < 2 (A: -|- 1), by recalling that < 1/2 we have 

Afc + y (2 |a:| F £kF2 k) \ £k — (^k F y (6 A: -|- 5)'j £k — 


F 


Fk{x) := Fk*pek - Tx 


^We use the following elementary manipulations 

\x - yf = \x' - yf + {\xf - \x'f) + 2{x' - x,y), 


{\x\^ - \x\^) + 2{x' - x,y) < (| 2 ;| - |a;'|) (|a;| + \x'\) F2 \x- x\ 

<\x- x\ (1*1 + \x'\ F2\y\). 


and 
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while for the right-hand side of (A. 19) 


fi' {\x\ -k-l)+- 


k + 1 


> - 


k + l 


Hence (A. 19) holds true provided 


(A.20) 




1 


k k + lj Lk + {Q k + 5) /2 

When \x\ > 2 (A: + 1), the left-hand side of (A.19) can be estimated by 

— (2 |x| -|- efc -|- 2 k)^ £k ~ ^ ^ £k 1^1 “b ^k {Lk + /4 (A: + 1)) — ^ 

while for the right-hand side we have 


k' (|x| — k — 1)+ — - - > —\x\ — - -. 

A:-bl“2'' k + l 


In that case, by recalling that e*, < 1/2 we only need to take 


(A.21) 


< r+ := ( i - 


Efe S i / : 


1 


1 


k k + 1J Lk + k^ {k + 1) 


Observe that both {r/'}fcgi^ and {F^ }fceN converge to 0 as A; goes to oo. Hence, by choosing the 
decreasing sequence 

1 


□ 


£1 = min|r^ , r;/, , £fc+i = min{r^ , r+, £fc}, A:GN, 

this satisfies both (A.20) and (A.21) and thus {Fk}k£N satisfies all the required properties. 


Lemma A.5. Let F : M. be a convex function, which is ^—uniformly convex outside the 

ball Br. Then for every Q > R there exists a convex function Fq : —)■ M with the following 

properties: 

i) Fq = F in Bq; 

a) F is kQ—uniformly convex outside the ball Br, where^ 


(A,22) = 

Proof. For every Q > R, we define the function Fq : ^ M by 

= F{x) + kQ Jq{x), where Jq{x) := (|x| - Q)+. 

Of course, this is a convex function such that Fq = F in Bq. 

In order to verify property ii), we first observe that kQ Jq is /tq— uniformly convex outside B 2 Q 
(see Lemma A.6 below). We consider again a sequence {p£}e>o C C^{Be) of standard mollifiers. 
Then for every p G and every ^ G \ Fr_|_£, we have 

{D‘^{Fq* ps)if,)v,v) = * Pe)if)v,r]) + {D'^iJQ * PeiO) V,V)■ 


6 


Observe that hq > 0 thanks to fact that >1> is continuous and >l>(t) > 0 for t > 0. 
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Since F is uniformly convex outside the first part of Lemma A.l implies that when ^ G 

B2Q+e \ Br+s-, 

{D^{F* pe){C)r],ri) > ( min 

\te[ 2 R, 4 {Q+e)] J 

Since pq Jq is /rg—uniformly convex outside B 2 q, we get similarly when ^ G \ B2q+e, 

{D^ipqJq * pe){C) V, rj) > Pq 
In any case, we thus have for every ^ G \ Br^^ 

{D‘^{Fq* pe){i)p,p) > pq\p\^. 


By the second part of Lemma A.l, this proves that Fq is pq uniformly convex outside Br. □ 
Lemma A.6 (A useful function). The function 

Jq{x) = (|x| - Q)l, 

is 1—uniformly convex outside the ball B 2 q. 

Proof. We first observe that Jq is outside Bq. Thus it is sufficient to compute the Hessian of 
Jq in \ B 2 q. Let x G \ B 2 q, we have 

,2 T / ^ r, 1^1 “ Q - - „ X (8) X „ X(8)X 


D^Jqix) = 2 


Mat + 2 


- 2 (|x| - Q) 


X 


For every p G we get 

{D^Jq{x)p,p) = 2 


\x\-Q . |2 


+ 2 


1 - 


|x| - Q 


(x,7?) 


> 2 1 1 - 


X 


and thus the conclusion follows, by using that |x| > 2Q. 


□ 
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